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We define a notion of reducibility for subsets of a second count-
able T{, topological space based on relatively continuous relations
and admissible representations. This notion of reducibility in-
duces a hierarchy that refines the Baire classes and the Hausdorft-
Kuratowski classes of differences. It coincides with Wadge reducib-
ility on zero dimensional spaces. However in virtually every second
countable T, space, it yields a hierarchy on Borel sets, namely it is
well founded and antichains are of length at most 2. It thus differs
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1 Introduction

The versatile concept of a topological space has proved valuable in various
areas of mathematics. In many cases of interest, the spaces are second count-
able, i.e. their topology admits a countable basis. While separable metris-
able spaces are of primary importance to Analysis [Kec95], topological spaces
that do not satisfy the Hausdorff separation property are central to Algebraic
Geometry [EHO00] and to Computer Science [Goul3]. This paper considers
without distinction all second countable spaces which satisfy the weakest sep-
aration property Tj, namely every two points which have exactly the same
neighbourhoods are equal.

The very act of defining a topology on a set of objects consists in specifying
simple, easily observable properties: the open sets. We are then interested
in understanding the complexity of the other subsets relatively to the open
sets. Already at the turn of the twentieth century, the French analysts —
Baire, Borel and Lebesgue — stratified the Borel sets of a metric space into
a transfinite hierarchy: the Baire classes %, TI? and A?. These classes are
well-known to exhibit the following pattern:



Borel sets are thus classified according to the complexity of their definition
from open sets along this transfinite ladder. This classification was further
refined by Hausdorff, and later by Kuratowski, by identifying what is now
called the difference hierarchies, consisting of the Haudorff-Kuratowski classes
Dg(Eg). Since for every map f : X — X, the preimage function f~! :
P(X) — P(X) is a complete Boolean homomorphism, it directly follows from
their definition that the Baire classes and the Hausdorff-Kuratowski classes
are closed under continuous preimages'.

Wadge in his Ph.D. thesis [Wad84] was the first to investigate the quasi-
order (qo) of continuous reducibility on the subsets of the Baire space w*: for
A, B C w” we say that A is Wadge reducible to B, A <y, B, if and only if
there exists a continuous f : w* — w* such that f~!(B) = A. This quasiorder
is remarkable. By considering suitable infinite games, called Wadge games,
and using the determinacy of these games, which follows from Borel determ-
inacy, this quasiorder turns out to be well founded and to admit antichains of
size at most 2 on the Borel sets. As Andretta and Louveau [AL12] describe
in introduction to [KLS12]: “The Wadge hierarchy is the ultimate analysis
of P(w¥) in terms of topological complexity”. While the Baire classes and
the Hausdorff-Kuratowski classes are closed under continuous preimages, and
therefore represent initial segments for <y;,, there are in fact many more initial
segments, so that the Wadge qo refines greatly these classical hierarchies. All
these results for the Baire space easily apply to every Polish zero dimensional
space.

However, when the space is not zero dimensional there may be very few
continuous functions. Hertling [Her96] in his Ph.D. thesis showed that the
qo of continuous reducibility of the Borel subsets of the real line exhibits a
more complicated pattern than in the case of the Baire space. For example,
Ikegami [Tke10] showed in his Ph.D. thesis (see also [IST12]) that the powerset
P(w) partially ordered by inclusion modulo finite (and hence any partial order
of size R;) embeds in the qo of continuous reducibility of Borel sets of the
real line (cf. Section 10). In a more general setting, Schlicht [Sch12] showed
that in any non zero dimensional metric space there is an antichain for the
qo of continuous reducibility of size continuum consisting of Borel sets. Se-
livanov ([Sel06] and references there) and also Becher and Grigorieff [BG15]
studied continuous reducibility in non Hausdorff spaces, where the situation is
in general much less satisfactory than in the case of the Baire space.

In search for a useful notion of hierarchy outside Polish zero dimensional

Yi.e. for every A C X in the class and every continuous f : X — X the set f~1(A) belongs
to the class.



spaces, Motto Ros, Schlicht, and Selivanov [MSS15] consider reductions by
discontinuous functions. For example they obtain that the Borel subsets of the
real line are well founded with antichains of size at most 2 when quasiordered
by reducibility via functions f : R — R such that for every A € X3(R) we have
f71(A) € TY(R). They leave open the question whether 39 can be replaced by
329 in the above statement. Arguably one defect of this qo is that it does not
refine the low level Baire classes, nor does it respect the Hausdorff hierarchy
of the AY.

Instead of considering reduction by discontinuous functions, we propose to
keep continuity but release the second concept at stake, namely that of func-
tion.

Our approach is based on the simple and fundamental notion of admissible
representations which is the starting point of the development of computable
analysis from the point of view of Type-2 theory of effectivity [Wei00]. The ba-
sic idea is to represent the points of a topological space X by means of infinite
sequences of natural numbers. Given such a representation of X, i.e. a partial
surjective function p :C w* — X, an a € w® is a name for a point x € X
when p(a) = . A function f: X — X is then said to be relatively continu-
ous (resp. computable) with respect to p if the function f is continuous (or
computable) in the p-names, i.e. there exists a continuous (resp. computable)
F : dom p — dom p such that fop = po F. Of course the notion of relatively
continuous function depends on the considered representation. However, for
every second countable T}, space X there exists — up to equivalence — a greatest
representation (see Theorem 3.3) among the continuous ones, called admissible
representations of X. The importance of admissible representations resides in
the following fact (see Theorem 4.2): for an admissible representation p of X,
a function f : X — X is relatively continuous with respect to p if and only
if f is continuous. Notice however that as long as the representation is not
injective, there are in general many continuous transformations of the names
which do not induce a map on the space X. Indeed different names «, g of
some point z can be sent by a continuous function F' onto names F'(«), F(/3)
representing different points, i.e. p(F(«a)) # p(F(5)). Such transformations
are called relatively continuous relations (see Definition 6.1) and they were first
investigated in a systematic manner by Brattka and Hertling [BH94].

We propose to consider reducibility by total relatively continuous relations.
In Section 2, we observe that total relations account perfectly for the idea of
reducibility in the abstract and in fact generalise the framework of reductions
as functions. However when we fix an admissible representation p of a second
countable T}, space X, it is natural to think of reductions by relatively continu-
ous relations as “reductions in the names”: if A, B C X, then A reduces to B,



in symbols A <y, B, if and only if there exists a continuous function F' from
the names to the names such that for every name «, p(a) € A <> p(F(a)) € B.
In other words, for every point x and every name « for x, F(a) is the name
of a point that belongs to B if and only if = belongs to A.

Tang [Tan81] works with an admissible representation of the Scott domain
Pw and studies exactly the notion of reduction that we propose here in a
more general setting. But first, this study is antecedent to the introduction
by Kreitz and Weihrauch [KW85] of admissible representation and Tang does
not notice that his representation of Pw is admissible, and thus canonical in
a sense. Second, even though his paper is often cited, we have not found any
other reference to his particular approach to reducibility on Pw.

Importantly, reducibility by relatively continuous relations coincides with the
continuous reducibility on zero dimensional spaces. It can therefore be viewed
as a generalisation of Wadge reducibility outside zero dimensional spaces. No-
tice however that it differs notably from the continuous reducibility in every
separable metrisable space that is not zero dimensional (see Corollary 9.5,
Sections 10 and 11).

Moreover, it follows from a result by Saint Raymond [Sai07] extended by
de Brecht [deB13] that in every second countable Tj, space X, the Baire classes
and the Kuratowski-Hausdorff classes are initial segments for <y;,. And there-
fore reducibility by relatively continuous relations refines these classical hier-
archies.

Finally, using a variant of the Wadge game, it follows from Borel determinacy;,
by the same methods as in the case of the Baire space, that the qo <y is well
founded and satisfies the Wadge duality principle (in particular antichains are
of size at most 2) on the Borel sets of any Borel representable space. Here a
Borel representable space is simply a second countable T, space for which there
exists an admissible representation whose domain is Borel in w*. As in the case
of the Baire space, this structural result depends on the determinacy of the
games under consideration. In particular, under the Axiom of Determinacy, it
extends to all subsets of every second countable T, space.
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2 Reductions as total relations

The concept of reduction is used in several different fields, such as complexity
theory, automata theory and descriptive set theory. While particular defin-
itions relies on different concepts, they all share a general idea. If X,Y are
sets, A C X and B CY, a function f : X — Y is called a reduction of A to
B if f71(B) = A or equivalently if

Vee X (xe A+ f(x) €B).

Let 7 be a class of functions from X to X that contains the identity on X
and that is closed under composition. For A, B C X we say that A is reducible
to B with respect to F if there exists f € F such that f is a reduction of A
to B. This defines a quasiorder, i.e. a reflexive and transitive relation, on the
powerset of X.

We now observe that as far as reducibility is concerned reductions do not
need to be functions. In fact one may as well consider total relations in place
of functions.

Wesay R C X xY is a (total) relation from X toY,insymbols R : X XY,
if for all z € X there exists y € Y with (x,y) € R. We also write R(x,y) in
place of (z,y) € R. If A C X and B C Y we say that a reduction of A to B
is a total relation R : X —¢ Y such that

Vee XVyeY |R(z,y) > (r € A<y € B)|. (1)

One can also view a relation R C X x Y as the function

R : X — P(Y)
x+— R7(x) ={y €Y | R(x,y)}.

From this point of view, R is total from X to Y if and only if R (x) # ) for
all z € X, and (1) can be stated as follows:

Ve e X [(a:EA/\R”(x)QB)\/(:UEAC/\R%(:U)QBC)]. (2)

Of course, for every function f: X — Y, f is a reduction of A to B if and only
if its graph {(z, f(x)) | z € X}, as a total relation from X to Y, is a reduction



of A to B. So our notion of reduction as total relations subsumes the notion
of reduction as functions.

Observe also that it follows directly from (2) that a total relation R is a
reduction of A to B if and only if it is a reduction from A° to B°.

Two total relations R : X XY and S : Y =X Z compose to yield the total
relation S o R : X =X Z in the expected way

SoR={(z,2) e XX Z|IyeY R(z,y) ANS(y,2)}.

Fact 2.1. fAC X, BCY,CCZ, R: X XY is a reduction of A to B
and S :Y =X Z is a reduction of B to C, then So R : X =X Z is a reduction
of A to C.

Let R be a class of total relations from X to X that contains the diagonal
{(z,z) | = € X} and that is closed under composition. For A, B C X we say
that A is reducible to B with respect to X if there R € R such that R is a
reduction of A to B. Again this defines a quasiorder on the powerset of X
that we call K-reducibility.

The following fact follows immediately from (1).

Fact 2.2. Let R,S: X XY, ACX,BCY. IfRC S and S is a reduction
of A to B, then R is also a reduction of A to B.

Consequently, for a class & as above, if we consider the the upward closure
of X defined by o
R={S: XXX|IReRRCS},

then the R-reducibility equals the R-reducibility. Therefore as far as reducib-
ility is concerned, we gain generality by considering classes of total relations
instead of classes of functions, and we can always consider classes of total
relations that are upward closed.

3 Admissible representations

In this section we briefly review the notion of admissible representation of a
topological space. This notion is fundamental to the approach to computable
analysis known as Type-2 Theory of Effectivity (see [Wei00]).

A topological space X is called second countable if it admits a countable
basis of open sets. It satisfies the separation axiom 7}, if every two distinct
points are topologically distinguishable, i.e. for any two different points z and
y there is an open set which contains one of these points and not the other. It



is called 0-dimensional if it admits a basis of clopen sets, i.e. of simultaneously
open and closed sets. The Baire space is denoted by w“. Recall that a space
is second countable and O-dimensional if and only if it is homeomorphic to
a subset of w*. A Polish space is a second countable completely metrisable
topological space, the Baire space is a crucial example of Polish space. Recall
[Kec95, (3.11), p.17] that a subspace of a Polish space is Polish if and only if
it is Hg, i.e. a countable intersection of open sets.

Let X,Y be second countable Tj, spaces. If A C X and f: A — Y isa
function, f is called a partial function from X to Y, denoted f:C X — Y. A
partial function f :C X — Y is continuous if it is continuous on its domain
for the subspace topology on dom f, i.e. if for every open U of Y there is an
open V of X such that f~1(U) =V Ndom f.

We quasiorder the partial functions from w® into X by saying that for f, g :C
wY — X

there exists a continuous A : dom f — dom g
f<cy

with ge h(a) = f(«) for all @ € dom f.

Clearly, if g is continuous and f <, g, then f is continuous too. Hence the
set of partial continuous functions from w® into X is downward closed with
respect to <.

Definition 3.1 ([Wei00]). Let X be second countable T},. A partial continuous
function p :C w* — X is called an admissible representation of X if it is a
<-greatest element among partial continuous functions to X, ie. f <, p
holds for every partial continuous f :C w* — X.

Observe that an admissible representation p of X is necessarily onto X, since
for every point x € X, we have ¢, <, p where ¢, : w* — X, a = x is the
constant function.

Remark 3.2. Since the subspaces of w* are up to homeomorphism the second
countable 0-dimensional spaces, an admissible representation of X is also a
continuous map p : D — X from some second countable 0-dimensional space
D such that for every continuous map g : £ — X from a second countable
0-dimensional space E there exists a continuous map h : £ — D such that
poh=g.

It is well known that every second countable T}, space X has an admissible
representation. As this is crucial for the sequel, we now explain this simple
fact. So let X be a second countable 7|, space and (V,,), ., be a countable
basis of open sets for X. We define the standard representation of X with



respect to (V) to be the partial map p :C w* — X defined by
pla)=z <+ Ima={n|Ikak)=n}={n|zeV,},

for @ : w — w and x € X. Note that p is indeed a function on its domain
because X is T,. An a € w® codes via p a point x € X if and only if «
enumerates the indices of all the V,,’s to which = belongs.

Theorem 3.3. For every second countable T}y space X there exists an admiss-
ible representation p :C w* — X. Moreover it can be chosen such that

1. p is open,
2. for every x € X, the fibre p~t(z) is Polish.

Proof. Let (V,,) be a countable basis for X and let p :C w¥ — X be the
standard representation of X with respect to (V,,). It is enough to show that
p satisfies all the requirements.

Continuity: Note that p~*(V,)) = {a € domp | Ik a(k) = n} is open in w®
for every n, so p is continuous.

Openness: For every basic Ny = {z € w¥ | s C z}, s € w<, we have
p(N,) = mk<\s| Vi, which is open in X, so p is an open map.

S

Polish fibres: For every point x € X
pla) =z <= Vn[(Bk a(k)=n) <z eV,]
is a I19 definition of the fibre in z, so p has Polish fibres.

Admissibility: Let f :C w* — X be continuous and fix some enumeration
7 : w — w of w where each natural number appears infinitely often. Let
us consider the monotone map h* : w<* — w<* defined by induction on
the length |s| of s € w<“ by:

h*(s“m) _ h*(8>/\7'('(|8‘) if f(Ns"m> - V7r(|s\)
h*(s) otherwise,

where, for s € w<¥, f(N,) denotes the set {f(«) | @ € dom f and s C
a}t. We let h : dom f — dom p be the continuous function defined by
h(a) = Ulew h*(al,) (see [Kec95, (2.6), p.8]). We claim that h is a



witness for the fact that f <, p, namely that for every a € dom f and
every n € w we have n € Im h(«) if and only if f(«a) € V,,.

Let @« € dom f and n € w and assume that f(a) € V,. Then by
continuity of f there exists a £k € w such that f(NaFk 1) C V, and

w(k) = n. It follows that n belongs to the image of h*(af
therefore to the image of h(a).

k1) and

Conversely, let a € dom f and assume that n belongs to the image of
h(a). Then for [ minimal such that n belongs to the image of h*(afl,_,),
and by definition of h* this means that we have f (Narl 1) C Vi and

7(l) = n. Therefore f(«) € V,, and this concludes the proof. O

Importantly, Brattka [Bra99, Corollary 4.4.12] showed that every Polish
space X has a total admissible representation, i.e. an admissible represent-
ation p :C w* — X with dom p = w¥. As an easy consequence one gets that
for every second countable Tj, space X: there exists an admissible represent-
ation of X with a Polish domain if and only if there exists a total admissible
representation of X. Motivated by the rich theory of Polish spaces, it is nat-
ural to consider the class of those second countable 7}, spaces which have a
total admissible representation. As a matter of fact de Brecht [deB13] showed
that this class coincides with the class of quasi-Polish spaces that he recently
introduced. Moreover he showed that many classical results of descriptive set
theory can be generalised to this large class of non necessarily Hausdorff spaces
and that the metrisable quasi-Polish spaces are exactly the Polish spaces.

The real line R will serve as an example along the paper and we now introduce
two different admissible representations for it.

Example 3.4. Let (g,,),e, be an enumeration of the rationals and let I, =
(qno, gy, ) be an enumeration of the non empty intervals of the real line R with
rational endpoints.

We define pp :C w* — R as the standard representation relatively to the

enumerated basis (1,,),,c,,, i-€

prla) =2 <= Ima={n|xel,},
so that o € w” codes z € R if and only if o enumerates all the intervals with

rational endpoints to which x belongs.

The second admissible representation is based on Cauchy sequences and it
works mutatis mutandis for every separable complete metric space.

Example 3.5. Let (g,,),c, be an enumeration of the rationals, and let d be
the euclidean metric on R. A sequence (x},),c,, is said to be rapidly Cauchy if

10



for every i,j € w, i < j implies d(z;,z;) < 277, The Cauchy representation
o :C w” = R of the real line is defined by

ogla) =2 < (qa(k))k@d is rapidly Cauchy and k}l:rg() (k) = .

This is an admissible representation of R.

As an example of a non metrisable space we consider the Scott Domain Pw,
namely the powerset of w partially ordered by inclusion and endowed with the
Scott topology. A basis of Pw is given by sets of the form Op = {X Cw | F C
X} for some finite /' C w. This space is universal for the second countable
T, spaces. Indeed for every such space X with some basis (V,,) the map
e: X - Pw,x—{n|xzeV,}is an embedding.

new

Ezample 3.6. The enumeration representation of Pw is the total function py,, :
w* — Pw defined by

peEn(@) = {n | Ik a(k) =n+1}.
It is easy to see that pp, is an open admissible representation with Polish
fibres.
As another example of an admissible representation of Pw consider:

Example 3.7. Let (s,,),c, be an enumeration of the finite subsets of w. We
define p_ :C w¥ — Pw by

Peco(@) =T <= VN Ew s,y C Sane1) and U Sa(n) = T
ncw
The domain of p__ is closed and p_, is clearly continuous. The map p_
is also an admissible representation of the space Pw since it is continuous and
PEn <¢ Peosos S Witnessed by the continuous f : w* — dom p__ defined by

fla)(n) =k, where s, ={m|3j<na(j)=m+1}.

4 Relative continuity

The importance of admissible representations stems from the fact that con-
tinuity of a function between second countable T}, spaces can be accounted for
“in the codes”.

Definition 4.1. Let X,Y be second countable 7|, spaces. We say that a
total function f: X — Y is relatively continuous if for some (any) admissible
representations py and py of X and Y respectively, there exists a continuous
g : dom py — dom py-, called a continuous realiser of f, such that fopy(a) =
py °© g(a) for ever a € dom py.

11



Using the maximality property of admissible representations, it is easy to
see that a function f : X — Y admits a continuous realiser for some choice
of admissible representations of X and Y if and only if it admits a continuous
realiser for any choice of admissible representations.

Theorem 4.2. Let X,Y be second countable T,, spaces. A total function
[+ X =Y is relatively continuous if and only if f is continuous.

Proof. Let px and py be open admissible representations of X and Y respect-
ively.

If f: X —Y is continuous, then fopy :dompy — Y is continuous. Since
py is admissible, there exists a continuous g : dom py — dom py- (dom fopy =
dom py) with fopy = pyog on the domain of py, so f is relatively continuous.

Conversely, if f : X — Y is relatively continuous there exists a partial
continuous ¢ : dom py — dom py with fopy = pyogondom fopy = dompx.
Therefore fopy : dompy — Y is continuous. So the proof will be finished
once we have proved the following fact: if g :C X — Y is continuous, surjective
and open map, f: Y — Z is any function and fog:C X — Z is continuous,
then f is continuous. To see this, let U be open in Z. Then

fHU) ={g(z) | r €domg A g(x) € f1(U)} since g is onto,
=g((fo9)"(U))
is open in Y since g is an open map and f o g is continuous. [

5 Injective admissible representations and
dimension

For an admissible representation p :C w® — X and a point x € X, one can
think of a € w* with p(a) = x as a “code” or “name” for x. It is natural to
ask what are the spaces which possess an injective admissible representation.
It is actually simple to see that these spaces are exactly those of dimension 0.
We now show this fact.

Recall the following fact on the cardinality of a basis.

Lemma 5.1. Let X be second countable. For every basis C, there is a countable
basis €' C C.

Proof. Let (V,,) be countable basis for X. Whenever possible choose C,, ,,, € €
with V;, € C), ,,, € V,,,. Then the countable family of the C,, ,,’s is a basis for

12



X. Indeed for every x € V,, thereis a C' € € with z € C C V,, (since C is a
basis), and furthermore there exists n with z € V,, C C C V,, (since (V,,),,c.
is a basis), hence z € C,, ,,, C V. O

Lemma 5.2. Let X be a second countable T}y space and o :C w* — X be an
admissible representation of X. Then there is A C domo such that ol , is an
open admissible representation of X.

Proof. Let p :C w* — X be an open admissible representation of X which
exists by Theorem 3.3. There exists a continuous g : dom p — domo that
witnesses p <~ 0. We claim that A = {g(a) | @« € domp} works. Indeed
p <c ol , as g also witnesses, and for every open O C w* we have

o ,(0) ={oeg(a) | o € domp} = p(O),
which concludes the proof. 0

Proposition 5.3. Let X be a second countable T\, space. The following are
equivalent:

1. X is 0-dimensional,

2. there exists an injective admissible representation of X.

Proof. 1-2: By Lemma 5.1, X admits a countable basis (V,,) consisting in
clopen subsets of X, and for simplicity we may assume further that the

basis is closed under complements, i.e. for every n there exists m with

XV, =V,

Let 0 :C w* — X be the partial map defined by o(«a) = z if and only if
a : w — 2 is the characteristic function of {n € w |z € V,,}. Clearly o is
injective and continuous. To see that ¢ is admissible, it is enough to show
that p <, o where p is the standard representation of X with respect to
(V,,). This is witnessed by the continuous function g : dom p — domo
defined by

_J 1 if there exists k with a(k) =n +1,

gla)n) = 0 if there exists k with a(k) =m+1land V,, =X V.
2—1: If p is an injective admissible representation of X, then by Lemma 5.2
there exists A C domp such that p[, is open and admissible. But
since an admissible representation is surjective and p is injective, we
must have A = dom p. Therefore p is an homeomorphism, and so X is
homeomorphic to dom p, hence X is 0-dimensional. ]

13



6 Relatively continuous relations

We have seen that a function f: X — Y between second countable T}, spaces
is continuous if and only if it is induced by some continuous function “in the
codes”. Moreover we have seen that when X is not 0-dimensional, then no
admissible representation of X is injective, and so necessarily some points are
to receive several codes. Since different codes of the same point can be sent
onto codes of different points, a continuous function in the codes may very
well induce a relation which is not functional on the spaces. Even though the
resulting “transformations” of the space are not necessarily functional, they
are still continuous in a sense. They are called relatively continuous relations,
and were first studied in [BH94].

Definition 6.1. Let X,Y be second countable T}, spaces. A total relation
R : X XY is said to be relatively continuous if, for some (any) admissible
representations py and py of X and Y respectively, there exists a continuous
realiser f: dom py — dom py- such that for every a € dom py we have

(px(a),py © f(a)) € R.

Remark 6.2. Suppose R : X XY is relatively continuous with respect to py
and py as witnessed by some continuous f : dompy — py and let oy, 0y
be admissible representations of X and Y respectively. Since oy < px and
py <c 0y there are continuous g : domoy — dompy and h : dom py, —
dom oy with pyog = oy and oy oh = py. Therefore if we set f’ : domoy —
dom oy to be f = ho fog we obtain that for every o € dom oy

oy o f'(a) =oyohe fog(a)=pyefegla)

Now since oy (a) = py o g(a) if we let = g(a) we have

(ox(a), 0y o f'(a@)) = (px(B), py o f(B)) € R,

so R is relatively continuous with respect to oy and oy

Clearly a function f : X — Y is (relatively) continuous if and only if its
graph : X =X Y is relatively continuous. Moreover it is easily seen that the
class of relatively continuous total relations is closed under composition.

Observe also that the definition directly implies that if R : X =X Y is re-
latively continuous and R C S : X =X Y, then S is relatively continuous
too.

14



Let X,Y be second countable T}, spaces together with admissible represent-

ations py,py. Every continuous function f : dompy — dom py induces a
total relation R;’X PY : X XY defined by

xR;x:PY y YR Haedome(pX(Oé) :-fAPYOf(a) :y)'

The function f witnesses that R?X PY s relatively continuous. In fact, f

witnesses that some R : X —¢ Y is relatively continuous if and only if R?X Y C
R. Therefore we have the following.

Fact 6.3. Let X,Y be second countable T}y and px,py be admissible repres-
entations of X and Y respectively. A total relation R : X XY is relatively
continuous if and only if there exists a continuous f : dom py, — dom py- such
that R7*" C R.

From Proposition 5.3 and the previous fact, it follows that the relatively
continuous relations from a 0-dimensional spaces are simply the continuously
uniformisable relations.

Corollary 6.4. Let X,Y be second countable T, with X zero dimensional. A
total relation R from X to Y is relatively continuous if and only if it admits
a continuous uniformising function, i.e. there exists a continuous f: X —Y

with R(x, f(x)) for all x € X.

It is an interesting problem to look for an intrinsic characterisation of the
relatively continuous total relations, that is, one which does not rely on the
notion of admissible representation. Partial answers were obtained in [BH94;
PZ13]. However, to our knowledge, the general problem is still open. We
conclude this section with some known results in the direction.

Let us say that R : X =X Y preserves open sets if R1(0) ={z € X | Iy €
O R(x,y)} is open in X for ever open set O of Y.

Proposition 6.5 ([BH94, Proposition 4.5]). Let X,Y be second countable T,
spaces. There exists a class R of total relations which preserves open sets such
that for every S: X XY

S is relatively continuous <+— JReR RCS.

Proof. Let px, py be admissible representations of X, Y with px an open map.
Let R be the family of total relations R?X’p ¥ where f : dom py — dom py is

continuous. By Fact 6.3, it only remains to prove that R?X "PY preserves open
sets for every continuous f.
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Indeed for every continuous f : dom py — dom py- and every open O of Y

(RE")7HO) ={px(2) [z € (py o £)H(O)} = px[(py o £)H(O)],

which is open since py- o f is continuous and py is open. [

Moreover, in the case of a Polish codomain, Brattka and Hertling [BH94]
showed the following.

Theorem 6.6. Let X be second countable Ty, Y be Polish, and R : X XY
be such that R (x) is closed for every x € X. Then R is relatively continuous

if and only if there exists S : X XY that preserves open sets and such that
S CR.

One should notice that preserving open sets is not a sufficient condition for
the relative continuity of a total relation. Consider for example the partition
of w* into

F={aew’|InVk>na(k)=0} and F=w" G.

Clearly G and F' are both dense in w*. Moreover it is well known that F' €
39 II9. Consider the total relation R = (G x F)U(F xG). Then R~1(O) = w*
for every non empty open set O, but R not relatively continuous. Indeed any
function f : w® — w* which uniformises R needs to verify f~1(G) = F, and
since F is not I19, f cannot be continuous.

7 Reduction by relatively continuous relations

We recall the classical (see e.g. [Kec95, (21.13), p. 156])

Definition 7.1. If X, Y are topological spaces, A C X and B C Y, we say that
A is Wadge reducible to B, in symbols A <y;, B, if there exists a continuous
function f: X — Y that is a reduction of A to B.

We propose to make the following definition.

Definition 7.2. If X,Y are second countable Tj spaces, A C X and B C Y,
we say that A is reducible to B, in symbols A <y, B, if there exists a total
relatively continuous R : X —¢ Y that is a reduction of A to B.

Notice that strictly speaking we should write (A, X) <y (B,Y) in place of
A Xy B, but the spaces are usually understood.
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Since the class of relatively continuous relations between second countable
T, spaces contains the identity functions (in fact all relatively continuous func-
tions) and is closed under composition, <y is a quasi-order.

For second countable T, spaces X, Y, (4, X) <y (B,Y) implies (A4, X) <y
(B,Y), by Theorem 4.2. However, the qo <y, should not be confused with
the Wadge qo <y .

By , when we fix admissible representations, then reducibility by relatively
continuous relations simply amounts to continuous reducibility in the codes.

Lemma 7.3. Let X,Y be second countable T}y spaces with fized admissible
representations px,py. For every A C X and B C Y the following are
equivalent

1. A<y B,

2. (p3H(A), dom px) <y (p7-(B), dom py).
Proposition 7.4. Let X be a separable 0-dimensional metrisable space. Then
<w and ]y coincide on subsets of X.

Proof. Tt directly follows from Fact 2.2 and Corollary 6.4. 0

8 Baire classes and Hausdorff-Kuratowski classes

The classical approach initiated by the French analysts Baire, Borel, and Le-
besgue to the classification of the subsets of a metric space is more descriptive
in nature. Sets are classified according to the complexity of their definition
from open sets. This approach was continued later by Luzin, Suslin, Hausdorff,
Sierpinski and Kuratowski.

As observed in [Tan79; Tan81], the classical definition of Baire classes in
metric spaces is not satisfactory for non metrisable spaces. Following [Sel06;
deB13] we use the following slightly modified definition of Baire classes in an
arbitrary topological space.

Definition 8.1. Let X be a topological space. For each positive ordinal a@ <
w; we define by induction

(X)) ={OC X | X is open},

»0(X) = {Uqu@

1EW

B,,C; e U Z% for each i € w},
B<a

I (X) = {A° [ Ae 30},

«

A?(X) = X0 (X) NI (X).

(e
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Proposition 8.2. For any topological space X and any o > 0:
1. 3%(X) is closed under countable union and finite intersection;
2. TI%(X) is closed under countable intersection and finite union;

8. A%(X) is closed under finite union and intersection as well as under
complementation.

Proposition 8.3. If a < 3, then X9 UTIY C A%. So the following diagram
of inclusion holds between Baire classes:

= 5 . =
¢ ¢ c ¢ 2RSS C C
AY AY Ay A AL,
S ¢ ¢ C < C < C Q
1 19 I

Proposition 8.4. If a > 2, then

=00 = {U s,

1EW

B, € U H%(X) for each i € w}.

B<a

And if X is metrisable the previous statement holds also for o = 2, i.e.

=900 = {U

1EW

B, € IIY(X) for each i € w}.

Hausdorff and later Kuratowski refined the Baire classes by introducing the
so called Difference Hierarchy. Recall that any ordinal « can uniquely be
expressed as @« = A +n where A is limit or equal to 0, and n < w. The ordinal
« is said to be even if n is even, otherwise « is said to be odd.

Definition 8.5. Let £ > 1 be a countable ordinal. For any sequence (C,), ¢
with a < 8 < € implies C,, C Cp, the set A = D((C,), -¢) is defined by

_ {U{C’,7 Un’<n C,yImodd, n <&} for € even,
U{C, Un’<n C,y | meven, n <&} for € odd.

For a topological space X, and 0 < a,& < w; we let D(39,(X)) be the class

of all sets D¢ ((C,),-¢) Where (C,), ¢ is an increasing sequence in X9 (X).

n<§
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Of course if f : X — Y is continuous map and A € D¢(X%(Y)), then
fH(A) € D(X2,(X)). This straightforward observation is crystallised in the
definition of (boldface) pointclass, that is a collection of subsets of the Baire
space closed under continuous preimages, or in other words, an initial segment
of the Wadge quasiorder on the Baire space.

In fact in an arbitrary second countable T}, space X the classes Dg(Eg) enjoy
the stronger and less straightforward property of being initial segments of the
quasiorder <y .

Theorem 8.6. Let X,Y be second countable T, spaces and A C X, BCY.
For1< a,& <wy, if B€ D(E0(Y)) and A<y B, then A € De(X0,(X)).

This proposition is a consequence of the following theorem due to de Brecht [deB13,
Theorem 78].

Theorem 8.7 (de Brecht). Let X be a second countable Ty space, p :C w* — X
an admissible representation of X. For any countable o, & >0 and A C X

Ae Dg(Eg(X)) — p YA€ Dg(Eg(domp)).
Here is the proof of Theorem 8.6.

of Theorem 8.6. Let B € D¢(X2,(Y)) and suppose that A C X satisfies A <y,
B. Let px, py be admissible representations of X, Y respectively. Since A <y,
B, there exists a continuous f : dompy — dom py with (py o f)"1(B) =
px (A). By continuity, px'(A) = (py o f)"1(B) € D¢(X2(dom py)), and so
by Theorem 8.7 A is D¢(X9) in X. N

For the convenience of the reader we devote the rest of this section to the
proof of Theorem 8.7. The main ingredient is the following proposition which
is a slightly modified version of a result by Saint Raymond [Sai07, Lemma 17].
Its relevance in our context was first observed by de Brecht [deB13]. It is based
on Baire category and we refer the reader to [Kec95, Section 8| for definitions
and results.

Proposition 8.8 (Saint Raymond). Let X,Y be topological spaces, with X
metrisable. Let p : X — 'Y be an open, continuous map with Polish fibres, i.e.
0 1(y) is Polish for ally € Y. Define for Z C X

No(Z)={y e Y | ZNy (y) is non meagre in ¢~ 1(y)},
Ny(Z)={yeY | Zny L(y) is comeagre in o~ (y)}.

Then for every positive ordinal £ < wy,
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1. If Z € BY(X), then No(Z) € BLY),
2. If Z € Hg(X), then N{(Z) € Hg(Y).
Therefore, if @ is surjective then for every A CY and every a > 0
1. o1 (A)eXV(X) = Aex0(Y),
2. 0 A) eId(X) <+ AcIl(Y).

Proof. Since Nj(X Z) =Y Ny(Z) for every £ both statements are equival-
ent. Let (V}).c,, be a countable basis for the topology of X. We proceed by
induction on &.

For £ = 1let Z € X9, since ¢ is assumed to be open we have ¢(Z) is open in
Y. Since ¢ !(y) is a Baire space for all y € Y, the open subset Z N ¢~ 1(y) of
¢~ 1(y) is non meagre if and only if it is non empty. So Ny(Z) = ¢(Z) € (Y.

So assume now that both statements are true for every ¢ < & and let
RS 20 Since X is metrizable, Z is the union of a countable family (Z,,),,c.,
with Z € 20 for some &, < £. For any point y € Y, using the fact that any
Borel subset of a Polish space has the Baire Property, we have the following
equivalences:

Z N~ 1(y) is non meagre in ¢ *(y)
+ssome Z, N L(y) is non meagre in ¢ 1(y)
+ssome Z, N 1(y) is comeagre in some non empty open subset of ¢~ 1(y)
< 3In3k (Z, UVE) N (y) is comeagre in o1 (y) and V, N~ (y) #£ 0.

Therefore,
No(Z) = U Ni(Z, UVE) N p(V).
n,k
Now Z,, UV € Hgn, and so N,(Z, UV{) € Hgn by the induction hypothesis.
Moreover (V) € X0 since ¢ is an open map. It follows that Ny(Z) is 22
according to Definition 8.1.

For the second claim, it is enough to notice that if ¢ is surjective and A C Y
then for Z = p~1(A) we have A = Ny(Z) = N,(Z). O

Building on Proposition 8.8 and using the same technique de Brecht [deB13,
see Theorem 78] showed:

Proposition 8.9 (de Brecht). Let ¢ : X — Y be an open and continuous map
with Polish fibres, and X metrisable. If o~ (A) = D¢((C,),e) with (C,), ¢
an increasing sequence in 33,, then A = De(Ny(C,),¢). So A € De(25(Y))

if and only if ' (A) € De(X2(X)).

n<§
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Proof. Let B, = Ny(C,). First let y € A. Since ¢~ '(y) = Un<£ C, N (y)
and ¢ !(y) is Polish and non empty, there exists a least n, < & such that
71 . . 71 . . 71
Cny Ny (y) is non meagre in ¢ (y), i.e. y € Bny' In particular, C,, Np~"(y)
is meagre in ¢ 1(y) for all n’ < n,, hence Un’<n C, N ¢~ 1(y) is meagre in
Y
0 1(y). Tt follows that (C,, Un’<77 C,y) N ¢~ (y) is non meagre in ¢~ (y),
Y

so in particular it contains some x € X. Since z € = (A) = D¢((C,),-¢) the

parity of £ must differ from that of n,. Therefore y € D¢((B,),<¢)-
Conversely let y € D¢((B,)),<¢). There exists n,, < & whose parity is different

from that of ¢ such that y € B, Un/<77y B,,. Since B, = Ny(4,), Cnyﬂgpfl(m

is non meagre in ¢~ *(y), and Un/<77 C, N o 1(y) is meagre in p 1(y). As
Y
before (Cny Un/<n C,y) N~ (y) is non meagre in ¢~ (y) and so in particular
Y

it must contain some point z € X. We have x € D¢((C,),-¢) = ¢ '(A) and
soy = p(x) € A. O

Using the fact that every second countable 7|, space has an admissible rep-
resentation which is open and has Polish fibres, we can now conclude the proof
of Theorem 8.7.

of Theorem 8.7. The left to right implication follows from the continuity of
the admissible representation and the fact that preimage maps are complete
Boolean homomorphism.

For the right to left implication, it is enough by Propositions 8.8 and 8.9 to
show that we can assume p to be open with Polish fibres — since such an ad-
missible representation always exists by Theorem 3.3. So let § :C w* — X be
any admissible representation of X, then there exists a continuous f : dom p —
dom o with § o f = p on the domain of p. If §7'(A) € D¢(X9(domd)) then
as in the first implication we have p~1(S) = f~1(671(9)) € D, (X)(dom p)).
This concludes the claim. [

9 A reduction game
We now show that on virtually every second countable Tj space — for instance
on every quasi-Polish space — the reducibility <, is well founded and satisfies

the Wadge duality principle, in particular antichains have size at most 2.
Suppose that p :C w* — X is an admissible representation of a second
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countable 7|, space X then by Lemma 7.3 the preimage map

pt s (P(X), <) — (P(domp), <y)
Ar— p'(A)

is an embedding of quasiorders. Therefore if we know that the quasi-order
<y on the 0-dimensional space dom p is well founded and satisfies the Wadge
duality principle then we can conclude that the quasi-order <y, also enjoys
these properties on X. In particular if X is quasi-Polish then we can choose p
such that dom p = w* and therefore we directly get that the quasi-order <y
is well founded and satisfies the Wadge duality principle on Borel subsets of
X from the corresponding facts for the Baire space.

We consider a simple generalisation of the game first introduced by Wadge
to study continuous reducibility on the Baire space in order to account for the
structural properties of the reducibility by relatively continuous relations on
an arbitrary second countable T}, space.

Let X,Y be second countable T}, spaces, px, py admissible representations
of X and Y respectively, and A C X, B C Y. We define a perfect information
two players game GPxPv (A, B) as follows

I: (o R e R o 7 S o T o
=By 5 By By p

Player I starts by choosing some o € w and then Player II chooses some
By € w, then Player I choose some a; € w, so on and so forth. Player II wins
a game («, ) if and only if either a ¢ dom py, or @ € dom py, f € dom py
and

px(a) €A <= py(B) €B.

This is the Lipschitz Wadge game with the additional condition that if Player
I plays in dom py, then Player IT must play in dom py.. When py = py we
write GPx (A, B) instead of GPxPx(A, B).

The game GPxPv (A, B) is tightly related to our notion of reducibility.

Lemma 9.1. Let X,Y be second countable T\, spaces, px, py admissible rep-
resentations of X,Y respectively. Then for all A C X and BC Y :

1. If Player 11 has a winning strategy in GPxPv (A, B), then A Xy, B,

2. If Player 1 has a winning strategy in GPxP¥ (A, B), then B <y, A°.
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Proof. A winning strategy for Player II induces a total continuous function
f:w*” = w® such that for every a € dom py, f(a) € dom py and

a€p(A) —  fla) € pri(B).
Therefore if Player II has a winning strategy in GPx?v (A, B), then

(px'(A),dom px) <y (py'(B),dom py)

and so A <y B.
Now a winning strategy for Player I induces a continuous function g : w* —
w* such that whenever o € dom py- then g(«) € dom py and

g(a) ¢ px'(A) = a€py'(B)
or equivalently,
py(a) € B <= pxogla) € A

Therefore if Player I has a winning strategy in G?x?v (A, B), then we have
both B <, A® and B® <y, A. [

As long as dom py, dompy, and A C X, B C Y are all Borel, it is easy
to see that GPxPv (A, B) is a Gale-Stewart game with Borel payoff set, and
thus is determined by Martin’s Borel determinacy. We are naturally led to the
following definition.

Definition 9.2. A second countable Tj space X is called Borel representable
if there exists an admissible representation p :C w* — X of X such that dom p
Borel in w®.

From Lemma 9.1 and the Borel determinacy we obtain the following.

Theorem 9.3. Let X be a Borel representable space. The quasi-order <y,
satisfies the Wadge Duality principle on Borel sets of X, i.e. for all Borel
A, B C X either A<y, B, or B=y, A°.

Of course assuming the Axiom of Determinacy (AD), the general structural
result holds, i.e. assuming AD, if X is a second countable T}, space, A, B C X,
then either A Xy, B, or B° <w A.

Following the exact same proof by Martin and Monk as in the case of Wadge
reducibility in O-dimensional Polish spaces, see for example [Kec95, (21.15)
p.158], we obtain:
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Theorem 9.4. Let X be a Borel representable space. The quasi-order Xy, s
well founded on the Borel subsets of X.

Again, assuming AD, this result extends to all subsets of every second count-
able T}, space.

These positive results on the structure of the quasi-order <y;, also imply that
Xy often differs with the quasi-order of continuous reducibility <y;,. Indeed
Schlicht [Sch12] showed that in every non 0-dimensional metric space there ex-
ists an antichain of the size of the continuum for the continuous reducibility.
Using this result and Proposition 7.4, we see that in the separable metris-
able case the two reducibilities differ as soon as we leave the zero-dimensional
framework.

Corollary 9.5. Let X be a metrisable and Borel representable space. Then
<y and <y, coincide on subsets of X if and only if X is 0-dimensional.

As it is observed in [EMS87; LS90] the fact that the Wadge hierarchy of
Borel sets in Polish 0-dimensional is well founded and has finite antichains
can be generalised and its proof simplified by considering the notion of a better
quasiorder introduced by Nash-Williams [Nas68]. Let (Q, <) be a quasiorder,
and let X be a second countable T}, space. Define a quasi-order on

Q% ={l: X — Q| Iml is countable and [=1({q}) is Borel Vq € Q}

by letting {; <, I, if and only if there exists a total relatively continuous
relation R : X —¢ X such that

Vr,y € Xz Ry — i (x) <g ly(y)].

Then for an admissible representation p :C w* — X consider the Lipschitz
game G”(ly,l;) where Player I and II play alternatively in w eventually de-
termining (o, 5) € w* x w”. We say that Player II wins the run (a, 8) if and
only if a ¢ dom p or «, 8 € dom p and [;(p(a)) <g l5(p(B)).

It is easy to see that the existence of a winning strategy for Player II in
G*(ly,1,) implies that [; <3, l5. Moreover as along as [;,l, € Q% and dom p
is Borel, the game G”(l,[,) the game is Borel, and thus determined. Therefore
if I, X}y, I then Player I has a winning strategy in G”(l,,[,).

The exact same proof as in [EMS87, Theorem 3.2] or as in [L.S90, Theorem
3] yields the following.

Theorem 9.6. Let X be Borel representable. If Q) is a better quasi-order, then
(Q%,<3y) is a better quasi-order.
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Notice that in the case of a quasi-Polish space X Theorem 8 can also be
viewed as a consequence of the van Engelen—Miller—Steel Theorem [EMS87,
Theorem 3.2].

10 An example: the Real Line

In [Tke10] (see also [IST12]) shows the existence of an embedding from (P (w), Cg,
) — the subsets of w quasiordered by inclusion modulo finite, i.e. © Cg, y <>z y
is finite — into the differences of two open sets of the real line equipped with
the Wadge quasiorder. We now recall this construction.

Take increasing sequences of real numbers (a,,,b, | @ < w®) indexed by the
ordinal w* and (c,, | n > 1) with

a, < b, <ayiq for each o < w®
ay :=sup{a, | @ <A} <a, for each limit \ < w®
A < € < Qun for each n € w.

Now for X Cw {0} we let

DX: U [aa7ba>u{cn|n¢X}'

a<w®
Clearly Dy is a difference of two open sets for all X Cw {0}.
Theorem 10.1 ([Ikel0]). For every X, Y Cw {0},

XCq Y <= Dy <y Dy.

By Parovicenko’s Theorem [Par93], any poset of size 8; embeds into the par-
tially ordered set (P(w), Cg,), hence there are long infinite descending chains
and long antichains for the Wadge reducibility, already among the difference
of two open sets of the real line.

As an example, we now give winning strategies witnessing Dy <y, Dy for
every X,Y Cw {0}.

Proposition 10.2. For every X,Y Cw {0}, we have Dy <y Dy

Proof. Let pg be the admissible representation of the real line from Example 3.4.
We choose for every € R a particular code via pg by setting o® : w — w
to be the increasing enumeration of {n € w |z € I,,}.
Now fix X,¥V C w {0}. We describe a winning strategy o = oy y for
player II in the game G?*(Dy, Dy ). Let J; be the open interval (a_,a,x).
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And note that we only need to consider positions where Player I has played
(ngs My -, M) With ﬂzzo I, is non empty. Let XAY denote the symmetric
difference of X and Y, i.e.

XAY ={zcw {0} | ~(zeXxeY)}

Our winning strategy o : w* — w for Player Il in GP*( Dy, Dy ) goes as follows:

As long as Player I is in a position where he has played (ng,ny,-,n;) such
that I’ = ﬂzzo I, & Jy forall k € XAY, o consists simply in copying Player
I's last move: n;. Therefore o will induce the identity function outside the

Ji’s for which k ¢ XAY.
Now consider Player I has played (ng,nq,,n;) such that there exists k €

XAY with I = ﬂZ:O C J, and let [ be the least integer with I' = ﬂi:o I, C
J;.. We distinguish several cases:

1. if ¢, € Dy Dy then for o to be winning for Player II, it must eventually
make him play the code of a point outside of Dy and it cannot be c.
Now since I' C J,, say I' = (r4,7;), we can for example choose

max{rg, ¢} + 13
2

T+ min{ry, ¢, }
N 2

, ifrg <ecp,or y= , if ¢, <1

and play a¥(j —1).

In other words, if Player I enters some J, with ¢, € Dy Dy, then o
consists in playing the code of some y € J,, different from c¢;,, where y
depends on the first position where Player I enters J,.

2. if ¢, € Dy Dy and ¢, € I7: then as long as ¢, € I7, o must consist in
playing as if Player I was going to play c, i.e. describe step by step a
point belonging to Dy and it cannot be c.

Now since I'™! ¢ J, (if I = 0 set I'"! = R), we choose some y € DyNI,_;
as follows:

a) if a e € I'"1, then set y = a_n,
b) otherwise there is a minimal 8 < w* with ag € IV set y = ag,
and we play o¥(j — ).
3. if ¢, € Dy Dy and ¢, ¢ I7: then for o to be winning for Player II,
it must eventually make him play the code of a point which is outside

of Dy, but we must be careful to be consistent with what Player II has
already played until that point.
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Let p be the least integer such that ¢, ¢ I*. First if p <1, i.e. at the first
position where Player I entered J,, we already knew he was not going to
play ¢, so we can just copy its last move n;. Otherwise [ < p so ¢, € I!
and we must distinguish two cases:

a) if a_x € I'"!, then according to our previous case, at round p,
Player II has so far played according to o:

t = (ng,nq,...,ny_q,a%*(0), a%* (1), ...,a%*(p—1—1)).

SO ﬂf;ol I;) is an open interval (r,r;) with rational endpoints
satisfying r, < a_x < r;, so we can take

max{a;k ,Tot + agr
N 2

and play o*(j — p).
b) Otherwise according to our previous case, up to round p, player II’s
moves according to o are

t = (ng,nq,...,n_1,a%(0),a*(1),...,a%(p—1—1)).

where § is the minimal ordinal with az € I'"1. Again ﬂi:ol Ly
is an open interval (ry,r;) with rational endpoints satisfying r, <
ag < Tq, S0 we can take

max{ag, o} +ag
2

where ag stands for bg_; if S is successor, and we play a*(j—p).

It should be clear that o is a winning strategy for Player II in G?*(D y, Dy).
So Dy Xy Dy O

If X Zg, Y, then X £y, Y by Theorem 10.1 and so the winning strategy
for I in GP*(Dy, Dy-) described in the previous proof induces a continuous
Ixy tw” = w®. The relation

R?;y(m,y) < da € dom pg (p[R(oz) =TANYy= pR(fX,Y<a>)>

is therefore a relatively continuous relation from R to R with no continuous
uniformising function. Indeed any function uniformising R?i . is a reduction

of X to Y and since Dy £y Dy there is no such continuous function.
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11 An example: the Scott Domain

We now give a simple example in the space Pw of a case where <y;, differs
from <y,. Consider {{0}},{w} C Pw, we first show that {{0}} £y {w}.
To see this, recall that continuous functions on Pw are the Scott continuous
functions with respect to inclusion, so in particular they are monotone for
inclusion. Now since w is the top element, any monotone map f : Pw — Pw
with f({0}) = w has to send every x C w with 0 € x onto w too, so that
fHw) D O{gy- Therefore no Scott continuous function is a reduction from

{{0}} to {w}.
While we have {{0}} £y, {w}, we actually have {{0}} <y, {w}, i.e. there
exists a relatively continuous R : Pw =X Pw such that for all z,y € Pw

xRy — (z={0}+y=uw).

Clearly any such relation R cannot be uniformised by a Scott continuous
function. Indeed such a Scott continuous function would be a reduction
between the considered sets, and we know there is none.

The desired relation R can be given as a strategy in the Lipschitz Wadge
game GPm({{0}},{w}). Since pg, is total, we know by Lemma 7.3 that
{{0}} <y {w} if and only if A <y, B for

A=p'{{0}}) ={a€ew? | a2 ATk alk) =1}
and B=p1t({w}) ={a€w’|a:w— wis surjective}.

A winning strategy for Player II is for example given by the function o :
w<¥ — w defined by

(s) 0 ifse{0}“or Ik <]|s|s,#0,1,
ols) =
n if s € 2¥ and n = |s| —min{k | s, = 1}.

It is easily seen that this strategy induces a continuous function f : w* — w®
witnessing the relative continuity of the relation R : Pw =X Pw given by

R({0}) = {w}
R(z) = {0} if 0 ¢ x
R(z)={n|new} if {0} Cz.

where n = {0,...,n — 1} and C denotes strict inclusion.
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A complete X9 in Pw. Recall (e.g. [Kec95]) that F = {«a € w¥ | InVk >
n a(k) = 0} is complete for BY(w?), i.e. F € E(w*) and for every A €
29 (w?) we have A <y, F.

The set P__ (w) of finite subsets of w is XY in Pw. It is shown in [BG15,
Theorem 5.10] that it is not complete for the Scott continuous reducibility in
the class 39(Pw), i.e. there exists G € 9(Pw) such that G £y, P_ o (w). In
contrast

Proposition 11.1. We have X9(Pw) = {A C Pw | A Sy P oo (W)}

Proof. Let us use the admissible representation pgp, : w* — Pw from Ex-
ample 3.6. Let

~

F = pph(®P (@) = {a € & | InVk a(k) < n}.

Clearly Fis 39 in w®. So the right to left inclusion follows from Theorem 8.6.

Now we have F' <;;; F as the continuous function f : w* — w®, f(a)(n) =
Card{k < n | a(k) # 0} clearly witnesses. Therefore for any X9 set A C
Pw, there is a continuous function f : w* — w* which reduces pgl(A)
pEr{(‘?<oo(w))’ and so A <W ‘?<oo(w)'

Oog

References

[AL12]  Alessandro Andretta and Alain Louveau. “Wadge Degrees and Point-
classes: Introduction to Part I11”. In: Wadge Degrees and Projective
Ordinals: The Cabal Seminar Volume II. Ed. by Alexander S. Ke-
chris, Benedikt Lowe, and John R. Steel. Vol. 37. Lecture Notes in
Logic. Cambridge University Press, 2012, p. 3.

[BG15]  Verdnica Becher and Serge Grigorieff. “Wadge hardness in Scott
spaces and its effectivization”. In: Mathematical Structures in Com-
puter Science FirstView (Jan. 2015), pp. 1-26.

[BH94]  Vasco Brattka and Peter Hertling. Continuity and computability of
relations. Fernuniv., Fachbereich Informatik, 1994.

[Bra99]  Vasco Brattka. “Recursive and computable operations over topolo-
gical structures”. PhD thesis. FernUniversitat Hagen, 1999.

[deB13]  Matthew de Brecht. “Quasi-Polish spaces”. In: Annals of Pure and
Applied Logic 164.3 (2013), pp. 356-381.

[EHO0] David Eisenbud and Joe Harris. The geometry of schemes. English.
New York, NY: Springer, 2000, pp. x + 294.

29



[EMS87]

[Goul3]

[Her96]

[Tke10]

[IST12]
[Kec95]

[KLS12]

[KW85]

[LS90]

[MSS15]

[Nas68]

[Par93]

[PZ13]

Fons van Engelen, Arnold W Miller, and John Steel. “Rigid Borel
Sets and Better Quasiorder Theory”. In: Contemporary mathematics
65 (1987).

Jean Goubault-Larrecq. Non-Hausdorff Topology and Domain Theory—
Selected Topics in Point-Set Topology. Vol. 22. New Mathematical
Monographs. Cambridge University Press, Mar. 2013.

Peter Hertling. “Unstetigkeitsgrade von Funktionen in der effektiven
Analysis”. PhD thesis. Fernuniv., Fachbereich Informatik, 1996.

Daisuke Ikegami. “Games in Set Theory and Logic”. PhD thesis.
Institute for Logic, Language and Computation, Universiteit von
Amsterdam, 2010.

Daisuke Tkegami, Philipp Schlicht, and Hisao Tanaka. “Continuous
reducibility for the real line”. unpublished. 2012.

Alexander S Kechris. Classical descriptive set theory. Vol. 156. Springer-
Verlag New York, 1995.

Alexander S. Kechris, Benedikt Lowe, and John R. Steel, eds. Wadge
Degrees and Projective Ordinals: The Cabal Seminar Volume II.
Vol. 37. Lecture Notes in Logic. Cambridge University Press, 2012.

Christoph Kreitz and Klaus Weihrauch. “Theory of representations”.
In: Theoretical computer science 38 (1985), pp. 35-53.

Alain Louveau and Jean Saint Raymond. “On the quasi-ordering of
Borel linear orders under embeddability”. In: Journal of Symbolic
Logic 55.2 (1990), pp. 537-560.

Luca Motto Ros, Philipp Schlicht, and Victor Selivanov. “Wadge-
like reducibilities on arbitrary quasi-Polish spaces” In: Mathemat-

ical Structures in Computer Science FirstView (Jan. 2015), pp. 1-
50.

Crispin St. John Alvah Nash-Williams. “On better-quasi-ordering
transfinite sequences” In: Mathematical Proceedings of the Cam-
bridge Philosophical Society 64 (02 Apr. 1968), pp. 273-290.

Ivan Ivanovich Parovicenko. “On a universal bicompactum of weight
N”. In: The Mathematical Legacy of Eduard Cech. Springer, 1993,
pp. 93-96.

Arno M Pauly and Martin A Ziegler. “Relative computability and
uniform continuity of relations” In: Journal of Logic and Analysis
5 (2013).

30



[Sai07]  Jean Saint Raymond. “Preservation of the Borel class under countable-
compact-covering mappings”. In: Topology and its Applications 154.8
(2007), pp. 1714-1725.

[Sch12]  Philipp Schlicht. “Continuous reducibility and dimension”. unpub-
lished. 2012.

[Sel06] Victor L Selivanov. “Towards a descriptive set theory for domain-
like structures”. In: Theoretical computer science 365.3 (2006), pp. 258
282.

[Tan79]  Adrian Tang. “Chain properties in Pw”. In: Theoretical Computer
Science 9.2 (1979), pp. 153-172.

[Tan81]  Adrian Tang. “Wadge reducibility and Hausdorff difference hier-
archy in Pw”. In: Continuous Lattices. Springer, 1981, pp. 360-371.

[Wad84] William Wilfred Wadge. “Reducibility and determinateness on the
Baire space”. PhD thesis. University of California, Berkeley, 1984.

[Wei00]  Klaus Weihrauch. Computable analysis: an introduction. Springer,
2000.

31



	Introduction
	Reductions as total relations
	Admissible representations
	Relative continuity
	Injective admissible representations and dimension
	Relatively continuous relations
	Reduction by relatively continuous relations
	Baire classes and Hausdorff-Kuratowski classes
	A reduction game
	An example: the Real Line
	An example: the Scott Domain

